
Some proofs of  A.M. ≥ G.M. 
Yue Kwok Choy 

1. (a) Let k be any positive integer and x any positive number. 
  Put x0 = 1. Show that: 
  (i) kxk < xk-1 + …. + x + 1  if x < 1 
  (ii) kxk > xk-1 + …. + x + 1  if x > 1 
  Hence show that  kxk+1 ≥ (k + 1)xk

  and determine the value of  x  for which equality holds. 

 (b) Let  x1, …., xk, xk+1 be any k + 1 (k ≥ 1) positive numbers. 

  By putting 
1k

k

1k

2

1k

1)1k(k

x
x....

x
x

x
xx

+++

+ =   and using (a) , show that: 

   ( ) ( ) 1k1
1kk211k

k1
k21 xx....xx)1k(xx....xxk +

++ +≥+  

  and the equality holds if and only if  1
x
x

....
x
x

x
x

1k

k

1k

2

1k

1 =
+++

 

 (c) Using (b) or otherwise, show that, for any  n  (n ≥ 1) positive numbers 

   x1, x2, …. , xn,  ( ) n1
n21

n21 x....xx
n

x....xx
≥

+++  

  and that the equality holds if and only if  x1= x2= …. = xn. 
 
2. (a) Show that, if p > 0, q > 0 and n is a positive integer, then 
   pn+1 – (n + 1)pqn + nqn+1 = p(pn – qn) + nqn (q – p) > 0  unless p = q. 

 (b) Hence, or otherwise, show that, if ai > 0 for all i, and 

   ( ) ( ) n1
n21nn21n a....aaG,a....aa

n
1

A =+++=    

  then  n(An – Gn) < (n + 1)( An+1 – Gn+1) 

 (c) Deduce that  An > Gn  unless   ai  = a   for   i = 1, 2, …., n. 
 
3. (a) Show that for two positive numbers  a, b , an + bn ≥ an-1b + bn-1a 
  and that equality holds if and only if a = b. 

 (b) Let a1, a2, …. , an  be positive numbers. Using (a), show that: 

   (n –1) (a1
n + a2

n + …. + an
n) ≥ a1(a2

n-1 + …. + an
n-1) + a2(a1

n-1 + a3
n-1 + …. + an

n-1)  
            + …. + an(a1

n-1 + a2
n-1 + …. + an-1

n-1) 
  and that equality holds if and only if  a1 = a2 = …. = an. 

 (c) Using (b) and mathematical induction, show that: 

   a1
n + a2

n + …. + an
n ≥ n a1 a2 …. an, 

  and hence show that A.M. ≥ G..M. 
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4. (a) Show that  21

2
2

2
1 xx

2
xx

≥
+  , where   . 0x,x 21 ≥

 (b) Show that   , where  k ∈ 212121
1k1kkk xxxxxx −− +≥+  . 

 (c) Use  (b)  to show that for   0x,...,x,x k21 ≥

  ( ) ( ) ( ) ( ) ...x...xxxx...xxxx...xx1k 1k
k

1k
3

1k
12

1k
k

1k
3

1k
21

k
k

k
2

k
1 ++++++++≥+++− −−−−−−  

        ( )1k
1k

1k
2

1k
1k x...xxx −

−
−− ++++  . 

 (d) Prove that n21

2
n

2
2

2
1 x...xx

2
x...xx

≥
+++  ,  where  xi ≥ 0 . 

 (e) Prove that ( ) n1
n21

n21 a....aa
n

a....aa
≥

+++ ,  where  ai ≥ 0 . 

 
5. (a) Show that if  x < 1 < y , then  x + y –xy – 1 > 0 . 

  Hence prove that for any  n +1  (n ≥ 1)  real numbers  , 1n1 x,...,x +

  if  nx...xxxandx1x n21n11n1 ≥+++<< ++  , then  1nxx...xx 1nn21 +≥++++ + . 

(b) Using  (a)  and mathematical induction prove that for any  n (n ≥ 1)  positive real 
numbers  ,  if n1 x,...,x 1x...xx n21 =  , then  nx...xx n21 ≥+++  . 
Hence, or otherwise show that for any  n  positive real numbers, , n1 a,...,a

n
n21

n21 a....aa
n

a....aa
≥

+++
 . 

 
6. (a) For any non-negative number  x  and  for any integer  k > 1, prove that 
      …. (*) kx1kx k ≥−+
  When does the equality holds ? 

(b) Let  n  be an integer greater than  1 , { }n1 a,...,a  be a set of positive numbers. 

For  m = 1,2, …, n ,  let  
m/1m

1i
im

m

1i
im aG,a

m
1A ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
== ∏∑

==

. 

(i) Show that, for  m = 2, …, n , ( )
1m

1mm

m

1m

m

G
A1mmA

G
G

−

−

−

−−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
  …. (**) 

(ii) Making use of  (*)  and  (**) , or otherwise, prove that 

  ( 1m1mmm GA
m

1mGA −− −
−

≥− )  for  m = 2, 3, …, n . 

(iii) Deduce that    and show that the equality holds if and only if nn GA ≥
   .  n21 a...aa ===
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7. If  ( ) ( ) ( ) ( ) ( ) (( θ−+θ
θ−

+θθ−+θ= xm"f
!2

x'fxfxf
2

))  , that is, the mean value theorem holds, 

where  0 < m < 1  and  if   , prove that ( ) 0xf ≥

     ( ) ( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛ +++

≥
+++

n
x....xxf

n
xf....xfxf n21n21  

 and hence show that if   f(x) = – ln x ,  then  n
n21

n21 x....xx
n

x....xx
≥

+++
 

 

8. (a) Prove by induction that  if  x > – 1 , then  ( ) nx1x1 n +≥+  ∀n ∈  . 

 (b) If  are positive numbers, let  n21 a,...,a,a
n

n21
n n

a....aab ⎟
⎠
⎞

⎜
⎝
⎛ +++

=  and , n21n a....aac =

  Prove that if  n >1, n
1n

n a
b
b

≥
−

  and deduce that  1
c
b

c
b

1n

1n

n

n ≥≥
−

− . 

(c) Hence show that  n
n21

n21 a....aa
n

a....aa
≥

+++  and show that the equality holds 

  if and only if  . n21 a...aa ===

 
9. For positive numbers ,  let    n21 a,...,a,a

  ( ) n
n21n1 a....aaa,...,aG =  (G.M.)  and  ( )

n
a....aaa,...,aA n21

n1
+++

=  (A.M.) 

(a) Show that if  aa...aa n21 ====  , then  ( ) ( ) aa,...,aAa,...,aG n1n1 ==  . 

(b) Show that if   are not all equal, then there is one  an21 a,...,a,a i  which is greater than 
   and there is one  a( n1 a,...,aG ) j   which is less than ( )n1 a,...,aG  . 

(c) Let    and  let  ( ) nn11 aa,...,aGa >> ( ) 1n1n22n11 a'a,...,a'a,a,...,aG'a −− ===   and 

 ( )n1

n1
n a,...,aG

aa'a = , show that ( ) ( )n1n1 a,...,aG'a,...,'aG =  and ( ) ( )n1n1 a,...,aA'a,...,'aA < . 

(d) Using the results above, show that  ( ) ( )n1n1 a,...,aAa,...,aG ≤  and that the equality holds if 
  and  only if  . n21 a...aa ===

 

10. (a) Show that for  a, b > 0 ,   . ( ) bnaaba 1nnn −+≥+

 (b) Show that  
n1n

1i
in

1n

1i
i

nn

1i
i a

1n
1a

n
1a

1n
1a

n
1

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
−

−+
−

=⎥
⎦

⎤
⎢
⎣

⎡ ∑∑∑
−

=

−

==

 

 (c) For   , show that  n21 a...aa ≥≥≥ n
n21

n21 a....aa
n

a....aa
≥

+++  . 
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11. Let Gn  and  An  denote the geometric mean and arithmetic mean of   respectively . n1 a,...,a

 (a) Let   be positive numbers such that  1r21 a...,a,a + 1r21 a...aa +≤≤≤ . 

  (i) Prove that  rr1rr1 aAa,aGa ≤≤≤≤   and that the equality holds iff 

   .  Deduce that  r21 a...aa === 1rr aA +=  iff  1rr21 aa...aa +==== . 

  (ii) Show that when  k  is a positive integer and  x > 0, ( ) kx1x1 k +>+ . 

   Also show that  ( )
1r

r1r
r

1r
1r 1r

AaAA
+

++
+ ⎟

⎠
⎞

⎜
⎝
⎛

+
−

+= . 

   Deduce that if    and  rr AG ≤ 1rr aA +≠  , then  1r1r AG ++ <  . 

 (b) Using  (a), or otherwise, show that, for any  n  (n ≥ 1)  positive numbers  , n21 a,...,a,a

   and that the equality holds iff  nn AG ≤ r21 a...aa === . 
 
12. If    are positive numbers ,show that the function     

 

n1 a,...,a

1n
1

n1n1 )xa....a(nxa...a)x(f +−+++=  has the minimum value   n
1

n1n1 )a....a(na...a −++  

 and that this value is taken when  n
1

n21 )a....aa(x = . Deduce  A.M. ≥ G.M. 

 

13. Let   be a function of  n  variables    and that 

   be the sum of  n!  quantities obtained from all possible permutations 

 of   in  ,  e.g.  

( n21 x,....,x,xf )

)

)

n21 x,....,x,x

( n21 x,....,x,xf∑

n21 x,....,x,x ( n21 x....xxf n21n21 x....xx!nx....xx =∑  . 

 (a) Let  ( ) n21

n
n

n
2

n
1

n21n x....xx
n

x....xxx,....,x,x −
+++

=ϕ=ϕ . 

  Show that   ∑ ∑−=ϕ n21
n

1n x....xxx!n

 (b) Let  ( )( ) ( )( )∑ ∑ −−=ϕ−−=ϕ −−−− ,xxxxx,xxxx 321
2n

2
2n

1221
1n

2
1n

11  

   ( )( ) ( )( )∑∑ −−=ϕ−−=ϕ −
−− ,x...xxxxxx...,,xxxxxx n4321211n4321

3n
2

3n
13  

  Show that   ( )( )1n21n ...
!n2

1
−ϕ++ϕ+ϕ=ϕ  . 

 (c) Let    be non-negative numbers. Show that  n21 x,....,x,x 0n ≥ϕ  and show that the  
  equality holds if and only if n21 x...xx ===  .  Hence show that  A.M. ≥ G.M. 
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14. (a) Prove that for any positive integer  n (n > 1)  and any positive number  x , 

   
1nn

1n
x1

n
x1

−

⎟
⎠
⎞

⎜
⎝
⎛

−
+>⎟

⎠
⎞

⎜
⎝
⎛ + . 

(b) For any  n (n > 1)  positive numbers   , not all equal, let n21 a,...,a,a
{ }n21m a,...,a,amina =  

  Use  (a) , show that  

1n

n

mr
1r

rm

nn

1r
r a

1n
1aa

n
1

−

≠
== ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
>⎥

⎦

⎤
⎢
⎣

⎡ ∑∑ . 

(c) Hence, using induction or otherwise, prove that, for any  n  positive numbers 

n21 p,...,p,p  , not all equal,  r

n

1r

nn

1r
r pp

n
1 ∏∑

==

>⎥
⎦

⎤
⎢
⎣

⎡ . 

 

15. (a) Let  f(x) = ln x – x + 1 ,  x > 0. Use the fact that   
x
1xln

dx
d

=  ,  

prove that  f(x) ≤ 0, for all  x > 0.   

 (b) Let  A  be the arithmetic mean  and  G  be the geometric mean of  n  positive real 

  numbers    a1 , a2, … , an . By putting  x = 
A

ia   in  (a),  prove that  A ≥ G . 

 
16. (a) Given a function f(x) =  where x is a real number.  Find the minimum  xe 1x −−

value of f(x).   
                   

(b) Let  and  be positive numbers. n21 a,,a,a L n21 b,,b,b L

(i) Show that ≥
∑

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

=
n

n

1i ib
ia

e ∏
n

ia
=1i ib

.    

(ii) Hence , or otherwise, show that if n
b
an

1i i

i ≤∑
=

, then     

              

∏∏
==

≤
n

1i
i

n

1i
i ba

(c) By using the result in  (b),  prove that AM≥GM for any n positive numbers  

n21 a,,a,a L .    
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Solution 
 

1. (a) ( ) ( ) ( ) ( ) ( )1xxx...xxxx1x...xkx kk2kk1kk1kk −+−++−+−=+++− −−−  

    (since  x > 0) ( ) ( )( )
⎩
⎨
⎧

>>
<<

+++−+−= −−

1x,0
1x,0

1x2...x1kkx1x 2k1k

  Obviously, 

  ( ) ( )( 01x2...x1kkx1x 2k1k2 ≥+++−+− −− )  (with equality holds iff  x = 1) 

  ( ) ( )( ) ( ) ( )( ) 01x...x1xkx1x01x...xkx1x 1kk1kk ≥+++−−−⇔≥+++−−⇔ −−  

  ( ) ( ) k1kkk1k x1k1kx01xkxkx +≥+⇔≥−−−⇔ ++  

 (b) Put  
1k

k

1k

2

1k

1)1k(k

x
x....

x
x

x
xx

+++

+ =  , ( ) ( ) ( )

( )1k/k
1k

1k/1
k21k

1k

k/1
k211k

x
x...xxx,

x
x...xxx +

+

+

+

+ ==  

  By  (a) ,  ( ) ( )( ) ( )

( )1k/k
1k

1k/1
k21

1k

k/1
k21

x
x...xx1k1

x
x...xxk +

+

+

+

+≥+  

  ( ) ( )( ) ( ) ( ) ( )( ) ( )1k/1
1kk21

1k/k1
1k

1k/1
k211k

k/1
k21 xx...xx1kxx...xx1kxx...xxk +

+
+−

+
+

+ +=+≥+  

  Equality holds 1
x
x....

x
x

x
x1x

1k

k

1k

2

1k

1)1k(k =⇔=⇔
+++

+  

 (c) Use induction.  The assertion is obviously true for  n = 1 . 

  Assume that the assertion is true for n = k. i.e. ( ) k1x....xxkx....xx ≥+++ k21k21 . 

  For  n = k + 1,  ( ) 1kk211kk21 ++
k1 xx....xxkxx....xx +≥++++   (inductive hypothesis) 

      ( )( ) ( )1k/1xx...xx1k ++≥ 1kk21 +   and the proof completes. 

  Equality holds  )1n(,...,2,1k,1
x
x....

x
x

x
x

1k

k

1k

2

1k

1 −=∀=⇔
+++

   

     n21 x...xx ===⇔  . 
 

6. (a) Let   ( ) kx1kxxf k −−+=

  ( ) ( ) ( )( )1x...xx1xk1xkkkxx'f 3k2k1k1k ++++−=−=−= −−−−  

  For turning point,   .  Since  x > 0, there is one root, i.e.  x = 1. ( ) 0x'f =

  ( ) ( ) ( ) ( ) 01kk1"f,x1kkx"f 2k >−=−= −  ,  since  k  is an integer  > 1. 
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  ∴ f(x)  is a minimum when  x = 1 .  It is an absolute min. 
  ∴ f(x) ≥ f(1) .  ∀x > 0 . 
  ∴   and equality holds when  x = 1 . kx1kx k ≥−+

 (b) (i) ( )
( ) ( ) ( ) ( )

1m1m21

m1m21
1m/11

1m21

m21

m

1m/1
1m21

m/1
m21

m

1m

m

Ga....aa
aa....aa

a....aa
a....aa

a....aa
a....aa

G
G

−−

−
−+

−
−

−−

==⎥
⎦

⎤
⎢
⎣

⎡
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
 

   ( ) ( ) ( )
1m

1mm

1m

1m21m21

1m

m

G
A1mmA

G
a....aaa....aa

G
a

−

−

−

−

−

−−
=

+++−+++
==  

  (ii) From  (*) ,   mx1mx m ≥−+  , put  
1m

m

G
Gx

−

=  ,   

   From  (**) ,  ( )
1m

1mmm

G
A1mmAx

−

−−−
=  

   We therefore have  ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≥−+

−−

−−

−

1m

m

1m

1mm

G
Gm1m

G
A1mmA  

   Simplify, we get   ( )1m1mmm GA
m

1mGA −− −
−

≥−  . 

  (iii) We like to use mathematical induction to show that 0GA nn ≥−  . 
   The proposition is obviously true for  n = 1. 
   We assume that   is true for some integer m ≥ 2 . 0GA mm ≥−

   From (b) (ii),  ( 0GA
m

1mGA 1m1mmm ≥− )−
≥− −−  , by inductive hypothesis . 

   ∴  ∀ n ∈0GA nn ≥−  . 

   Equality holds 1
G
a

G
Gand1

G
G

1m

m

m

1m

m

1m

m ==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⇔

−−−

  , by  (b) (ii). 

   mmn21 GaandG...GG ====⇔  ∀ m = 2, 3, …, n . 
   n21 a....aa ===⇔  

12. ( ) ( ) 1n
n

n21n21n21 xa...aa1xa...aa)a...aa(1)x('f
1n

11
1n

1

+
−+

−
+

−=−=  

 For critical values,  f’(x) = 0  

  ∴ ( ) 0xa...aa1 1n
n

n21
1n

1

=− +
−+

,  ( ) 1xa...aa 1n
n

n21
1n

1

=+
−+

 , ∴ ( ) n
1

n21 a...aax =  

 Now,  ( ) 1n
1n2

n21 xa...aa
1n

n)x(''f
1n

1

+
+

−+

+
=  

  ∴ f ’’(x) > 0  when  ( ) n
1

n21 a...aax = . 

  ∴ f(x) attains its min value at ( ) n
1

n21 a...aax = . 
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 And  min(f(x)) =  ( ) ( )
1n

1

n21n1
n
1

n1n21
n
1

a...aaa...a1n)a...a(a...aa
+

⎭
⎬
⎫

⎩
⎨
⎧

+−++++  

    = ( ) n
1

n21n21 a...aana...aa −+++  

 
To prove  A.M. ≥ G..M.,  use Mathematical Induction, 

 Let  P(n) be the statement : “ ( ) 0a...aana...aa
n
1

n21n21 ≥−+++  

 Obviously P(1) is true. 
 Assume P(k) is true for some Nk∈∀ . 

 i.e. ( ) 0a...aana...aa
k
1

k21k21 ≥−+++         (*) 

For P(k+1), Put  an = x,  we get ( )( ) 1k
1

xa...aa1kxa...aa)x(f n21k21
+

+−++++=  

By (a)  f(x) ≥ Min {f(x)} = ( ) 0a...aaka...aa
k
1

n21k21 ≥−+++ , by (*) 

∴ P(k+1) is also true. 
∴ By the Principle of Mathematical Induction, P(n) is true Nn∈∀  

    ∴ ( ) n
1

n21
n21 a....aa

n
a....aa

≥
+++  

   
13. (a) It is easily seen that whatever permutation is used, the function  ϕn  remains unchanged. 

  Since  n21

n
n

n
2

n
1

n x....xx
n

x....xx
−

+++
=ϕ  , summing up, we have 

  ( ) ∑ ∑∑ ∑ −×=−+++=ϕ n21
n

1n21
n

n
n

2
n

1n x....xxx
n
1x....xxx...xx

n
1!n  

   ∑ ∑−= n21
n

1 x....xxx  

 (b) We get, from definition,  ∑ ∑ −−=ϕ 2
1n

1
n

11 xx2x2 , 

   , 32
2n

12
1n

12 xxx2xx2 ∑∑ −− −=ϕ

   ,   ….. 432
3n

132
2n

13 xxxx2xxx2 ∑∑ −− −=ϕ

   n3211n32
2

11n x...xxx2x...xxx2 ∑∑ −=ϕ −−  

  Summing up,  ∑ ∑−=ϕ++ϕ+ϕ − n21
n

11n21 x....xx2x2...  

  By  (a) ,  ( )( )1n21n ...
!n2

1
−ϕ++ϕ+ϕ=ϕ  . 

 (c) From the definition of  ϕi  , ( ) ( )∑ ≥+++−=ϕ −−− ,0x...xxxxx 2n
22

3n
1

2n
1

2
211  
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   ( ) ( )∑ ≥+++−=ϕ −−− ,0xx...xxxxx 3
3n

22
4n

1
3n

1
2

212  …….., 

   ( )∑ ≥−=ϕ − 0x...xxxx n43
2

211n  

  ∴ ( )( ) 0...
!n2

1
1n21n ≥ϕ++ϕ+ϕ=ϕ −  

  It is evident that    vanish iff  1n21 ,...,, −ϕϕϕ n21 x....xx === . 
    vanish iff  nϕ n21 x....xx ===  . 

  Putting    in  nnn xa,....,xa,xa === nn2211 n 0≥ϕ  , we get A.M. ≥ G.M. 

  Equality holds if  n21 a....aa === . 
    

14. (a) Let  ( ) ( )
( ) 1n

n

n

1n1nn

x1n
xn

n
1n

1n
x1

n
x1)x(f −

−−

+−
+

×
−

=⎟
⎠
⎞

⎜
⎝
⎛

−
+⎟

⎠
⎞

⎜
⎝
⎛ +=  

  ( ) ( ) ( )
( ) ( ) 0

x1n
xnx1nx

n
1n)x('f 1n2

1n2n

n

1n

>
+−

++−
×

−
= −

−−−

 , or any positive integer  n (n > 1) 

  ∴ f(x)  is increasing in  (0, ∞)  and  f(x) > f(0) = 1. 

  ∴ 
1nn

1n
x1

n
x1

−

⎟
⎠
⎞

⎜
⎝
⎛

−
+>⎟

⎠
⎞

⎜
⎝
⎛ +  

 (b) Put  n
a

a
x

m

n

1r
r

−=
∑
= ,  then  0

a
aa...

a
aa

a
aax

m

mn

m

m2

m

m1 >
−

++
−

+
−

=  . 

  Substitute in  (a), we get  

1n

m

n

1r
r

n

m

n

1r
r

1n

naa
1

n

naa
1

−

==

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−

−
+>

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛
−

+
∑∑

. 

    ⇒

1n

m

n

1r
r

1n
m

nn

1r
r

n
m 1n

aa

a
1

n

a

a
1

−

=
−

=

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−

−
>

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛ ∑∑
⇒

1n

n

mr
1r

rm

nn

1r
r a

1n
1aa

n
1

−

≠
== ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
>⎥

⎦

⎤
⎢
⎣

⎡ ∑∑  

 (c) Let   ∑
=

=
n

1r
rps .

  Use induction. The assertion is easily proved for  n = 2 , for ( ) 0pp 2
21 >− ,  

  where  and unequal. 0p,p 21 >

  Assume that the assertion is true for the case with  (n – 1)  numbers. 
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  Now, 
1n

m
m

n

1n
psp

n
s −

⎟
⎠
⎞

⎜
⎝
⎛

−
−

>⎟
⎠
⎞

⎜
⎝
⎛  ,  by (b) where  { }n21m p,...,p,pminp =  . 

       ,  by inductive hypothesis. r

n

mr
1r

m pp ∏
≠
=

>

      =  r

n

1r

p∏
=

 
15. (a) f(x) = ln x – x + 1 ,  x > 0. 

  ( ) 01
x
1x'f =−=  ,  when  x = 1. 

  For  0 < x < 1,  f’(x) > 0  and  for  x > 1 ,  f’(x) < 0. 
  Therefore  f(x)  attains its maximum value at  x = 1 . 
  ∴ f(x)  ≤  f(1) = ln 1 + 1 – 1 = 0,  ∀ x > 0 . 
  ∴ f(x)  ≤  0,  ∀ x > 0 . 

 (b) Let  A = 
n

a...aa n21 +++  . 

  Then  for  i = 1, 2, …, n, 01
A
a

A
aln

A
a'f iii ≤+−=⎟
⎠
⎞

⎜
⎝
⎛  

  ∴ 1
A
a

A
aln ii −≤  

  ⎟
⎠
⎞

⎜
⎝
⎛ −≤∑∑

==

1
A
a

A
aln i

n

1k

i
n

1k

 

  0nnA
A
1na

A
11

A
a

A
a...aaln i

n

1k

n

1k

i
n

1k
n

n21 =−=−=−≤ ∑∑∑
===

 

  ∴  =≤⇒≤ Aa...aa1
A

a...aa
n

n21n
n21

n
a...aa n21 +++  

 

16. (a)  ( ) ( ) 1ex'fxexf 1x1x −=⇒−= −−

   ( ) 1x1e0x'f 1x =⇒=⇒= −

  For  x < 1 ,  . ( ) 0x'f <
  For  x > 1 ,  . ( ) 0x'f >

∴ At x = 1,  f(x)  attains an absolute minimum value of  f(1) = 0 . 
 
 (b) (i) By  (a) ,     ∀ x ∈ xe 1x ≥−  . 

   Put 
i

i

b
ax =  where  i = 1, 2, …., n . 
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   ∏∏∏∏
=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑

=

∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=

−

=

−

≥⇒≥⇒≥⇒≥ ==
n

1i i

i
n

b
an

1i i

i
1

b
an

1i i

i
1

b
an

1ii

i
1

b
a

b
ae

b
ae

b
ae

b
ae

n

1i i

in

1i i

i

i

i

i

i

 

  (ii) If  n
b
a

i

i
n

1i
≤∑

=

,  then  0n
b
a

i

i
n

1i
≤−∑

=

 1
b
a1e

n

1i i

i
n

b
an

1i i

i

≤⇒≤⇒ ∏
=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑
=  

   Hence  ∏∏
==

≤
n

1i
i

n

1i
i ba  

 (c) Put   
n

a
b

i

n

1i
i

∑
==    ∀i = 1, 2,…., n . 

  then  n
na

a
b
a

i

n

1i

i
n

1ii

i
n

1i
==

∑
∑∑

=

==

 

  By  (b) , ∏
∑∑

∏
=

==

= ⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

=≤
n

1i

n

i

n

1i
i

n

1i
n

1i
i n

a

n

a
a  

  Hence  
n

a
a

i

n

1i
n/1n

1i
i

∑
∏ =

=

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛      i.e.  G..M. ≤ A.M. 
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