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Some proofs of A.M.>GM.

Yue Kwok Choy
Let k be any positive integer and x any positive number.
Put x° = 1. Show that:
(i) k<xt+ L +x+1 ifx<1
(i) kE>xt+ o +x+1 if x> 1
Hence show that ~ kx*"* > (k + 1)x*
and determine the value of x for which equality holds.

Let Xi, ...., Xk, Xk+1 be any k + 1 (k > 1) positive numbers.

ki) _ X1 Xp o Xy

By putting X

and using (a) , show that:
Xk+1 Xk+l Xk+l

K(X X e X )P 4 Xy 2 (K1) (X, X g X X g )

Xy X, Xy

and the equality holds if and only if =1

X k+1 X k+1 X k+1

Using (b) or otherwise, show that, forany n (n> 1) positive numbers

X, + X, +o X n
X1, X2, +vve s Xny 172 "> (X,X,p0 X, )
n
and that the equality holds if and only if  X3= Xo= .... = X,.

Show that, if p> 0, g >0 and n is a positive integer, then
P —(n+1)pg" +ng" =p(p"-q") +ng" (q-p)>0  unlessp=aq.

Hence, or otherwise, show that, if a; > 0 for all i, and

A, = %(al +a,+..+a,) G,=(aa,..a, )"
then N(An—Gn) < (n + 1)( Ans1 — Gpea)
Deduce that A,>G, wunless a=a for =12 ....,n.
Show that for two positive numbers a, b, a"+b">a""h+b""a
and that equality holds if and only if a =b.
Letas, ay, ....,an be positive numbers. Using (a), show that:

(n-1)(a"+a " +....+a") 2a(a"™ +.... +a" ) +a@"™ +as" + ... +a,"")
+otan@"t ta "t L an™
and that equality holds ifand only if a;=a,=.... = a.

Using (b) and mathematical induction, show that:

a"+a) +....+a, >najay.... an,
and hence show that A.M. > G..M.
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2 2
X, +X,

Show that >X,X, ,where Xx;,X,>0 .

k-1

Showthat X, +x,“>xx, " +x,'x, ,where kelV.

Use (b) toshow thatfor x;,X,,..,%X, >0

k k k k- k- k- k- k- k-
(k-1) (xl X, X )le(xz T X 1)+x2(x1 xS T X 1)+...

+xk(xlk’1+x2k’l+...+xk_lk’l) .
2 2 2
X+ X, + o+ X
Prove that - 22 > X,X,..X, , Where Xx;>0.
a,+a,+..+a
Prove that 1% " >(aa,...a, )", where a>0.

Showthatif x<1<y,then x+y-xy-1>0.

Hence prove that forany n+1 (n>1) real numbers Xx,,...,X
if x,<1<x,, and XX, ,+X,+..+X,>n ,then X, +X,+...+X, +X

n+l?

>n+1.

n+l —

Using (a) and mathematical induction prove that forany n(n>1) positive real
numbers  X,,..., X if x,x,.x, =1 ,then X, +X,+..+X,2n .

n?

Hence, or otherwise show that forany n positive real numbers, a,,...,a,,

a, +a, +...+a
Lz " >nla,a,..a, .

n

For any non-negative number x and for any integer k> 1, prove that
x* +k—1>kx e (M
When does the equality holds ?

Let n Dbeaninteger greater than 1, {al,...,an} be a set of positive numbers.

im

m 1/m
For m=12,...,n, let A = a;, G, = a; :
n2 ug

() Showthatfor m=2, ..n, (?J =mAm_ém_1)Am-l o ()
1

m-. m-1

(i) Makinguse of (*) and (**), or otherwise, prove that

m-1

A, -G, > (A,,-G,,) for m=23..,n.

(iii) Deducethat A, >G, and show that the equality holds if and only if
a,=a,=..=a, .



7.

10.

)= 100)+(x-0)r0)+ 650

where 0<m<1 and if f(x)>0 ,prove that

f(x, )+ F(x,)+..+F(x,) >f(xl +X, +....+xnj
n - n

(0 +m(x —0)) , that is, the mean value theorem holds,

X, 4+ X, + o + X
n

and hence show that if ~ f(x) =—Inx, then 2> /X X, X

(@) Prove by inductionthat if x>-1,then (1+x)">1+nx Vnel.

n
s a,+a,+..+a
(b) If a,,a,,.,a, arepositive numbers, let b, :( — . “j and ¢, =a,a,..4,,
1 bn n bn—l
Prove that if n>1, 5 >a, anddeducethat —2> >1.
n-1 Cn Cn—l

a,+a,+..+a
n
ifandonly if a,=a,=..=a

(c) Hence show that

> nfa,a,...a, andshow that the equality holds

n -

For positive numbers, a;,a,,...,a, let

n

G(a,,...a,)=%/aa,..a, (GM.) and A(al,...,an)=a1+a2:""+a“ (A.M.)

(@) Showthatif a,=a,=..=a,=a ,then G(a,..,a,)=A(a,,.,a,)=a .

n

(b) Show thatif aja,,.,a, arenotall equal, thenthereisone a which is greater than
G(a,,..,a,) andthereisone a  whichislessthan G(a,,..,a,) .

(c) Let a, >G(a,,.,a,)>a, and let a,'=G(a,,..,a,), a,'=a,,..,a,,'=a,, and

a, :Wﬁan),showthat G(a,',...a,")=G(a,,..a,) and A(a,',...,a,')<Ala,,..,a,).

(d) Using the results above, show that  G(a,,...,a, )< A(a,,...,a,) and that the equality holds if
and onlyif a, =a,=..=a, .

(@) Showthatfor a,b>0, (a+b)'>a"+na""b .

1 n 1 n-1 1 1 n-1 "
b) Showthat |=)»a,| =|—) a,+—|a,——) &,
(®) {ng‘ '} {n—liz_l“ ' n( " on-14 'H

a,+a,+..+a
(c) For a,>a,>..>a, ,showthat —*——2 " >n/aja,...a
n

n
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12.

13.

LetG, and A, denote the geometric mean and arithmetic mean of a,,...,a, respectively .

n

(a) Let a;,a,..,a be positive numbers such that a, <a, <..<a

T+l r+1°

(i) Provethat a,<G,<a,, a, <A, <a, and thattheequality holds iff

a,=a,=..=a,. Deducethat A, =a, Iff a =a,=..=a,=a

r* r r+l-

(i) Showthatwhen k isa positive integerand x>0, (1+x)">1+kx.

r+1
Also show that  (A,,,)™ =(Ar + ar+1—Ar} '
r+1

Deduce thatif G, <A, and A, #a then G,, <A, .

r+1 r+1

(b) Using (a), or otherwise, show that, forany n (n>1) positive numbers a,,a,,...,a

19%no

G, <A, and that the equality holds iff a,=a,=..=4a

re

If a,..a, arepositive numbers show that the function

n
1 1
f(x)=a, +..+a, +Xx-n(a,...a,x)"* hasthe minimum value  a,+..+a, —n(a,...a,)"

L
and that this value is taken when x=(a,a,...a,)". Deduce A.M.>GM.

Let f(X,,X,,..,X,) beafunctionof n variables x,,X,,..,x, and that

n

Z (X, X0 X)) be the sum of n! quantities obtained from all possible permutations

of Xy XX, N F(XX,X,), €00 D) XX, X, =NIX X, X

n -

XX, et X
n

(a) Let (Pn:(p(xl’XZ"""Xn) =X Xpe X

Show that  nlg, =D "x," = X;X,...X,
(b) Let ¢, = Z(xln‘1 —x2”‘1Xxl —X,), 0, :Z(xln‘2 —XZ”‘ZXXl — X, )X,
R :Z(xln‘3 —XZ”‘SXxl—xz)x3x4, e Py = 2 (X =%, Xy = X, XX X
Showthat ¢, =ﬁ((pl+(p2+...+(pn_l) :

(c) Let Xx;,X,,..,X, benon-negative numbers. Show that ¢, >0 and show that the
equality holds ifand only if x, =X, =..=x, . Henceshowthat A.M.>GM.
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(b)

(b)

(©)

Prove that for any positive integer n(n>1) and any positive number x,

n n-1
(1+ij >(1+—X j .
n n-1

Forany n(n>1) positive numbers a,a,,..,a, ,notallequal, let
a, =min{a,,a,,..a,}

n-1

1 1
Use (a), show that {— ari| >y 2.4,
nr n_ll’:l

r<m

Hence, using induction or otherwise, prove that, forany n positive numbers

P,,P,..-. P, ,notall equal, FZpr} >I] »..
Nz r=1

Let f(x)=Inx—-x+1, x>0. Use the fact that dilnx:l,
X X

prove that f(x) <0, forall x>0.

Let A Dbethe arithmetic mean and G be the geometric mean of n positive real

numbers ai,ay, ...,a,.Byputting x= % in (a), provethat A>G.

Given a function f(x) = e** —x where x is a real number. Find the minimum
value of f(x).

Let a,,a,,---,a, and by, b,,---,b, be positive numbers.
S
~ n .
(i) Show that e!\i-t” ZH%
i=1 Mj

n n
(i) Hence, or otherwise, show that if Z%sn,then ITai <[ ]b;
i=1 i=1

i=1 Mj

By using the result in  (b), prove that AM>GM for any n positive numbers
al,az,"',an.



Solution

1. (@

(b)

(©)

X = (XK X1 = (XK =X ) (X = xE 2 e (X = x )+ (X< 1)
e 1 ke <0 ,x<1 )
= (X =LY ki + (K=D)X* 2 ...+ 2x +1) {>0 o1 (since x>0)
Obviously,
(x =1 (kx* + (k=1 ? +..+2x+1)20  (with equality holds iff x = 1)
& (x=1)kx = (XK 4+ x+1))2 0 > (x=Dkx* —(x=1)x " +...+x+1)>0
Sk kxK =X =1)20 o ka1 (kD)X
put  xkd = X X X N (X Xp:e: k)llk x"=( k)ll .

Xk+l Xk+1 Xk+l Xk+l k+lk/ (et

XX X 1/k XX X 1/(k+1)
By (@), k(lzx—k)"‘lz(k"'l)( = k/;(k?rl)

k+1 k+1
(XX 20 ™ 4 X 2 (K D0 0 = (e 1) X X
Equality holds <> x 0 =1 X1 X2 X
Xk+1 Xk+1 Xk+l

Use induction. The assertion is obviously true for n=1.

Assume that the assertion is true for n = k. i.e. X, +X, +....+X, = K(X,X,...x, J'*.

1k

For n=Kk+1, X, +X,+..+X, +X; 2K(XX,...X, ) +X,,, (inductive hypothesis)

> (K+1)(%,X,.. X, X,y )" Y and the proof completes.

Equality holds <> X X X

Xk+1 Xk+l Xk+1
S X =X, ==X,

=1, vk=12,...,(n—-1)

Let f(x)=x*+k-1-kx

£1(%) =k —k = k(XK —1) = k(X =1)(X*? + X2 4.+ x+1)
For turning point, f'(x)=0 . Since x>0, there is one root, i.e. x=1.

f'(x)=k(k-1)x*?, f"(1)=k(k-1)>0 , since k isaninteger > 1.



(b) (i)

(i)

(iii)

f(x) isaminimumwhen x=1. Itisanabsolute min.
f(x) >f(1). vx>0.
x*+k-1>kx and equality holdswhen x=1.

m 1/m m
(Gm ] _| (@a,-a,) _a3,..4, 38,848,
1/(m-1 1+1/(m-1
G (alaZ""am—l)( ) (alaZ""a ) ) 2,8,...8,4G

m-1 m-1

_ (@ ta +ta,)-(a,+a,+.+a
G

m—.

m-1 m-1

From (*), x"+m-1>mx ,put x:gm :

From (**) , x™ = mAm _(m_l)Amfl

We therefore have mA, _((Bm “DA, rm-1> m(sm ]

m-1

Simplify, we get A -G, > (A,,-G,,) .

We like to use mathematical induction to show that A, -G, >0 .
The proposition is obviously true for n=1.
We assume that A -G, >0 istrue for some integer m>2 .

m-1

From (b) (i), A, -G, > (A, ,-G,,)>0 , by inductive hypothesis .

A -G, >0 Vnel.

. G G ) a N
Equality holds m -1 and m =—0 =1 b b) (ii).
quality <5 (G J G y (b) (ii)

m-1 m-1

<G, =G,=..=G6, and a,=G,Vvm=23,..,n.

12. f'(x)=1-(aa,.a,)@a,.ax)" =1-(aa,.a, )" x ™

For critical values, f’(x)=0

. 1-(a,a,.a,) x ™ =0, (aa,.a,)

Now, f'(x)=—(aa,.a, )" x "

o f

A |

1 n 1 n

S|

n+1

"(x)>0 when x=(aa,.a,) .

(x) attains its min value at x = (a,a,..a, )" .



1
1 =

= % n+l
And  min(f(x)) = al+a2+...+an+(a1...an)"—(n+1){a1...an(a1a2...an) }

=a, +a,+..+a, —n(alaz-"an)n

To prove A.M.>G.M., use Mathematical Induction,

Let P(n) be the statement : “a, +a, +...+a, —n(a,a,..a,) >0

Obviously P(1) is true.
Assume P(K) is true for some VkeN.

1
ie. a,+a,+..+a,-n(aa,.a,) >0 *)

1
k+1

For P(k+1), Put a,=x, weget f(x)=a,+a,+..+a, +x—(k+1)a,a,..a,x)

x|

By (a) f(x)>Min{f(x)}= a,+a,+..+a, —k(a,a,..a,) >0, by (¥)

P(k+1) is also true.
By the Principle of Mathematical Induction, P(n) istrue Vne N

1

a,+a,+...+a g
L2 - " >(a,a,...4,)

13. (a) Itis easily seen that whatever permutation is used, the function ¢, remains unchanged.

n n n
Since K X Heed Xy —X,X,...X. ,summing up, we have
(pn - n 1782 ™ pn 1 g p!

nle, :%Z(xl” +x," +...+xn”)—2x1x2....xn :%xeln =) XXy X,
=3 %" =D XX, X,
(b) We get, from definition, @, =2> x,"-2>"x,""x, ,

n-1 n-2
0 =20 %X, X, = 2> X" XXy,
n-2 n-3
P =22 X, X X3 = 2D X" TUX X X,
2
Pt =20 X XpXg Xy = 2D XX, X500 X,

summing up, @+ @, +o @y =2 X" =2 XX, X,

1
By @, ¢, =——(¢,+¢,+..+¢,,) .
2(n!)

(c) From the definitionof @i , @, =Y (X,—X,)’ (6,72 +%,"°%, + .4 X," 2 )20,



14. (a)

(b)

(©)

Py = 2 (X =X, ) XXX, 20

1
(O =m(@1+@2 +---+(Pn—1)20

Itis evidentthat ¢,,9,,...,0,, Vanishiff x, =x,=...=X,.
¢, vanishiff x,=x,=...=X

n .

Putting a,=x,", a,=X," ..., a,=X," in ¢, >0 ,wegetAM.>GM.

n n

Equality holds if a,=a,=...=a

n-

Let f(x)=(1+xjn/(1+ijn_l:(“‘1)n_1>< (+x)
n n-1 " (h-1+x)"

)" x(n-1+x)"*(n+x)""
.
() . (n—1+x)"

>0 , orany positive integer n (n>1)

f(x) isincreasingin (0,x) and f(x)>f(0)=1.

n n-1
(1+5j >(1+Lj
n n-1

n
2.2
—_r=l

a,—a, a,—a a —a
Put x=f—-n, then x=—21—"4-2 M4 -0 "m5(
apn, apn, a, a,,
n n n n-1
Zar/am_n za,/am—n
Substitute in  (a), we get |1+ >[4
n n-1
n n n n-1
1 Zaf Zar_am 1 n 1
S r=1 >—— r=1 N _Zar >a, | ——
an n a, n-1 n-is n-15

Use induction. The assertion is easily proved for n =2, for (pl - p2)2 >0,

where p,,p, >0 and unequal.
Assume that the assertion is true for the case with  (n—1) numbers.

n-1



n n-1
Now, (%j >pm(sn_pi“j , by (b)where p, =min{p,,p,,....p,} -

>pmH p, , by inductive hypothesis.
=1

r£m
n

=11 »
r=1

15. (&) f(x)=Inx-x+1, x>0.
f'(x)zl—lzo , When x=1.
X

For 0<x<1, f'(x)>0 and for x>1, f’(x)<O0.
Therefore f(x) attains its maximum valueat x=1.
~fx) £ f(1)=Inl+1-1=0, Vvx>0.

~fx) < 0, vx>0.

a,+a,+..+a,

(b) Let A=
n
Then for i1=1,2,...,n, f'ﬁ _Inﬁ—ﬁ+1<0
A A
Inﬁsi—l
A A
3 i (3_@
o A g \A
Inalaznans & 1:12 ai—n:inA—n:O
A a A id Ad A
alaz.l;.an <1=1fag,.a <A= a,+a,+..+a,
A n

16. (a) f(x)=e"'-x =f'(x)=e""-1

f'(x)=0 =e=1 =x=1

For x<1, f'(x)<0.
For x>1, f'(x)>0.
Atx=1, f(x) attainsan absolute minimum value of f(1)=0.

() () By (a), e >x VxelR.

Putx:% where 1=1,2,....,n.
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