Quadratics

Quadratic equation
(1) General form: ax’+bx+c=0, a=0, a,b,carereal numbers.
(2) Factorized form: (x—a)(x=B) =0, «a,p areroots of the quadratic equation.
(3) Expanded form: X~ (a+PB)x+ap=0
x? — (sum of roots)x + product of roots = 0

Quadratic equation formula
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(3) 1 1 arerootsof the equation: cx*+bx+a=0
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Discriminant

Define A =b*-4ac
(1) A >0 = 2unequal real roots.
(2) A=0= repeated (equal) roots. x = b
2a
(3) A <0 = no real roots (two complex conjugate roots)
(4) A isaperfectsquareand a, b, c are rational numbers (or integers)
= twao rational roots.

Vieta Theorem

Sum of roots = OL+[3=_E Product of roots = OLB=E
a a

Symmetric forms
o’ + % = (o + B)* - 208
o’ +B% = (o + B)* — 3up(a + B)

a-B=1t+(a+B) —4ap
General formula for getting symmetric forms: o + B" = (@™ + B"Y)(a + B) — ap(a™? + B"?), n>2.

(@+B)t(a—Pp) _(a+p)ty(a+p) -4ap
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Sum & Product of roots = Roots o,p=
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Quadratic function

f(x) =ax’*+bx+c,

=a(x-a) (x-PB) =a{x

az0,

2a

=a[x"~ (o + B) x + ap]
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=a| X+— | ——
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_—b—\/b2—4ac

a, b, c are real numbers.

](X_—b+x/bz—4ac]

(General form)

(Factorized form)
2a

(Expanded form)

(Complete square)

a>0

a<o0

f(x)=ax’ +bx+c
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f(x)=ax*+bx+c
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Concave upwards

Concave downwards

Minimum of y =—A, when Xx= _ﬂ

Maximum ofyz—ﬁ, when x:_i

4a 2a 4a 2a
. b .

Line of symmetry: x=-— Line of symmetry: X=-—

2a 2a

Discriminant
A>0, a>0 A=0, a>0 A<0, a>0
y
y 2

y f(x)=ax"+bx+c

f(x)=ax® +bx+c

f(x)=ax® +bx+c

—

The curve cuts the x-axis at two points.

The curve touches the x-axis at one point.

Quadratic inequality
Assume o <f,

The curve does not cut the x-axis.



1 x-o)x-pB)>0 = x<a or x>P
2 xX-o)(x-pB)=20 = x<a or x=>B
B) X-a)(x-p)<0 = o < x <B
4 x-o0)x-pB)<0 = o < x <P
A
_ A>0 A=0 A<O
Ineq: Solution
ax*+bx +¢ >0, —b-+A —b+vA
X<—0r X>——— X #—— -0 < X <00
a>0 2a 2a 2a
ax’ +bx +c<0, —b-+A —b+vA . .
<X< no real solution no real solution
a>0 2a 2a
ax’ + bx + ¢ >0, —b-+A _baA
X——orx>—— ~0 <X < oo 0 < X< oo
a>0 2a 2a
ax? +bx + ¢ <0, —b-+/A —b++/A b .
<x< X=—— no real solution
a>0 2a 2a 2a

Related inequalities

(1) Fractional inequality

X—o X—o
>0 = (x-B)?20and x#p =(x—a)x—-PB)=0and x#B =x<o or x>P

X—PB X—P —
X — X —

%<0 = OL(X—B)ZSOand X#B = (x—a)x-B)<0and x#p = a<x<P
X—B X—B —_—

(2) Inequality with absolute value

x| <a,a>0 = -a<x<a
IXx|>a,a>0 = X<-a or x>a
Xx-a<b,b>0 = a-b<x<a+hb
x-a|>b,b>0 = Xx<a-b or x>a+b

(3) Range of rational function of two quadratics
If x is real, the range of y _ X +bX+C an e found by:
a,x*+b,x+c,
(a) Rearranging terms: (ayy —a))x? + (by —by)x + (Coy —¢1) =0
(b) xisreal = A>0 = (bay —by)’ > 4(ay - a1) (Coy — C1)
(c) Expand to get a quadratic inequality iny, solve it to get the range of y.

(4) The quadratic function y=1f(x)>0forallrealx(a>0) < Aoff(x)<0
The quadratic function y=f(x)<Oforallrealx (a<0) < Aoff(x)>0
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