Conics

2 2
Given that the ellipse t)-(l-_l + t}:—l = 1 is tangential to the hyperbola xy =1 and t > 1.

Find the value of t.
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Method 1
_ 1 dy_ 1

Xy_l:y_x:>dx_ x2
Xy 2x 2y dy dy _ _ x(t=1)
t+1 T -1 1= t+1 + t—1dx 0= dx ~ y(t+1)

. X2 y2
Since ) + v 1 is tangential to the hyperbola xy = 1, we have
1 _ _xtD) — 1.3

x2 y(t+1) - t+1X - (1)
Substitute (1) in xy = 1, :—1)(4 =1=x= 14/3—1 ,since t>1

3
Substitute in (1), y = E<i4’5> = E

The points of contact of the given ellipse and hyperbola is <i4 EJ’—l +4’ﬂ>

-1’ T t+1
. . . . . . x? y?
Substitute this points in the equation of the ellipse ) + e 1,
2 2
CE )
t—1 t+1 1 1 2 .
+ =1= + =1= =1=>t=\/§,smce t>1.

t+1 t—1 t2—-1 t2-1 VtZ-1



Method 2

Xy=1=>y=§

2 2 2
Substitute in — + 21— =1, RSN
t+1 | ot-1 tH1 | t-1

=1

t-DE22—E-DE)+t+1) =0 ...(1)

2 2

Since t_l + t_l = 1 is tangential to the hyperbola xy = 1, we have

Aof (D) =({t>-1)2?—-4t-1D(t+1D =0
-1 -4¢t-1D+1) =0
-t=\/§, since t> 1.

Method 3

2 2
The parametric form of =4 =1is

0<0<2m.
t+1  t-1

=+/t—1sin®’

Substitutein xy =1 ,weget (Vt+1cos0)(vt—1sin6)=1= sin26 =

{x=\/t+1cose
y

2
V21

x2

Since t_l + y—l = 1 is tangential to the hyperbola xy = 1, we have

51n26—1=\/_ 1:t—\/_ since t>1.

(For sin 26 = 1, we have one root. For other values of sin 20 , we can get two roots or no
root.)
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