Vector

(a) Let P beapointinside AABC such that 3PA+2PB+PC=0 ,
find [APBC]: [APCA]: [APAB], where [APAB] represents the area of the APAB.

C

O,

(b) Let P beapointinside AABC such that aPA + bPB + cPC =0 ,
find [APBC]: [APCA]: [APAB].

(c) If P beapointinside AABC such that PA + 5PB + 3PC = 6, find
[AABC]: [ABPCA], where ABPCA is the concave quadrilateral.



(a)
Method 1

3PA + 2PB+ PC =0
3(—AP) + 2(AB — AP) + (AC— AP) = 0

AP == (2AB + AC)
6
Produce AP to meet BC at D.

Let ﬁ=ﬁ=§ﬁ+%ﬁ

Since B,D,C are collinear, 2+%= 1,
SA=2
and T=§ﬁ+§ﬁ=>BD:Dc=1:2
Also, AD = 2AP = AD = 2AP = AP:PD = 1:1
[APAB] = k
[APDB] = k

[AABD] = [APAB] + [APDB] = k + k = 2k
Since BD:DC = 1:2, [APDC] = 2k and [AADC] = 4k
[APBC] = [APDB] + [APDC] = k + 2k = 3k
[APCA] = [AADC] — [APDC] = 4k — 2k = 2k
[APBC]: [APCA]: [APAB] = 3k: 2k:k = 3:2:1

Method 2

Place a coordinate system with A as origin

and AB along x-axis.

Since 3ﬁ+2ﬁ+ﬁ=6
Consider the y-cordinates,
—3yp —2yp+ (yc—yp) =0
yc = 6yp

Hence, [APAB] = = [AABC]

[N N

If we place a coordinate system with B as origin and BC along x-axis, we get: [APBC] =

If we place a coordinate system with C as origin and CA along x-axis, we get: [APCA] =

[APBC]: [APCA]: [APAB] = 3:2: 1

N |-

Wl

[AABC]

[AABC]



Method 3

let PA’ = 3PA, PB’' = 2PB, PC’ = PC
Then 3PA+2PB+PC=0= PA' +PB +PC' =0

Hence, P isthe centroid of the AA'B'C’.
[APB'C']: [APC'A’]: [APA'B'] = 1:1: 1 = [APB'C'] = [APC'A’] = [APA'B'] = k

[APBC] ~PBXPCxsin ZBPC ~PBXPCxsin ZBPC

1 1
=3 - =7 - == [APB'C'] =-k
[APB/C/] ZPB/xPCrxsin £BPrC/ E(ZPB)XPstm /BPC 2 2

similarly, 1or oAl — 1 gpq JAPABL _ 1, rApCA] = 2k and [APA'B'] = 2k
[APCrAT] 3 [APA/B/] 6 3 6

[APBC]: [APCA]: [APAB] = %k:%k:%k =3:2:1

Method 4

3PA + 2PB+PC =0 = PB+ PC +2(PA+PB) = 0
Construct the mid-point of BC as D.
Then PB+ PC = 2PD
Construct the mid-point of AB as E.
Then PA + PB = 2PE
Hence we can get 2PD + 4PE = 0
. PD = 2EP
Then D,P,E is astraight lineand PD:EP = 2:1 AT

Let [APEB] =k, then [APDB] = 2k

Since D,E are mid-points of BC and AB respectively,
[AAPE] = k, [ACPD] = 2k
Hence [APAB] = 2k, [APBC] = 4k

By Mid-point Theorem, AC = 2ED and note that AEBD~AEDB
Since [AEDB] = 3k, [AABC] = 12k,
[APCA] = 12k — 4k — 2k = 6k

[APBC]: [APCA]: [APAB] = 6k: 4k: 2k = 3:2: 1



X; Xy
Method 5 Note: Vi y2| = X1Y2 — X2V1

Let P bethe originand ﬁzx1i+y1j , ﬁ=xzi+yzi , ﬁ=x3i+y3i
3@+2ﬁ+?€=6$(3X1+2X2+X3)i+(3Y1+ZY2+Y3)i=0
3x1 + 2%, +x3=0 X2 X3| |X3 X1] |X1 X2| _ ..
{3Y1+ZYZ +Y3=0:>|y2 Y3||Y3 YI||Y1 YZ|_321
X3| 1 X3 X1| 1 X1 X2

Y3 :E Y1 Y2|:3:2:1

1x,
[APBC]: [APCA]: [APAB] _§|y2 Sl g

Method 6

There is a one-to-one correspondence between vector and complex number.

For any vector vV = Xi + yj, there is a complex number z = x + yi.

The problem then becomes:

Take P to be the origin of the complex plane and A(z;), B(z,) and C(z3), and

3z, + 2z, +z3 =0, find [APBC]: [APCA]: [APAB], where [APAB] represents the area of the
APAB.

Since 3z, + 2z, + z3 = 0, we have the conjugate equation 3z; + 27z, + 73 = 0.

Hence (Zy723 — 2373): (2321 — 2173): (2173 — 2,77) = 3: 2: 1.

By the area formula in complex number, we have

11 1 ;11 1 ;11 1

[APBC]: [APCA]: [APAB] =~ |0 z, z3|:=[0 z3 z|:-]|0 2z, =z
4 _ - 4 = _ 4 _ -

0 z, 13 0 z3 77 0 z; 7,

= (2223 — 2323): (2321 — 2173): (2125 — ZZ1)
=3:2:1



(b) Place a coordinate system with A as origin and AB
along x-axis.

Since aPA +bPB + cPC =0
Consider the y-cordinates,
—ayp — byp + c(yc —yp) =0
C

Yc = yp

T atb+c

C A-

Hence, [APAB] = [AABC]

a+b+c

a

If we set a coordinate system with B as origin and BC along x-axis, then: [APBC] = T [AABC]
If we set a coordinate system with C as origin and CA along x-axis, then: [APCA] = a+z+c [AABC]
a b c
[APBC]: [APCA]: [APAB] = a:b:c

a+b+c:a+b+c:a+b+c:

(c) PA+5PB+3PC =0, by (b),
[APBC]: [APCA]: [APAB] = 1:5: 3
[APBC] = k, [APCA] = 5k, [APAB] = 3k

Therefore, [AABC] = k + 5k + 3k = 9k
and [ABPCA] = 3k + 5k = 8k

[AABC]: [ABPCA] = 9k: 8k = 9: 8
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